Lecture 9 -- additional remarks on algebraic stacks
Thursday, September 29, 2016 2:03 PM
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Example 4.30.3. Let A, B, and C be categories. Let F: A - Cand G : B — C be
functors. We define a category A x¢ B as follows:

(1) anobjectof A xo Bisatriple (A, B, f), where A € Ob(A), B € Ob(B), and

f: F(A) — G(B)is an isomorphism in C,

(2) amorphism (A, B, f) — (A’, B, f') is given by a pair (a,b), wherea: A — A'isa
morphismin A, and b: B — B'is a morphism in B such that the diagram

F(A)—~a(B)
Fla) G(b)
' ]' '
F(A") - G(B)
IS commutative.
Moreover, we define functors p: A x¢ B — A and ¢q: A x¢ B — B by setting
p(A,B,f)=A, q(A,B,f)=B

in other words, these are the forgetful functors. We define a transformation of functors

¢Y: Fop— Gogq. Ontheobjecté = (A, B, f) itis given by
ve = f: F(p(§)) = F(A) - G(B) = G(g(£)).
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2-YONEDA LEMMA. The two functors above define an equivalence of categories

Home((C/X),F) ~ F(X).
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78.16. The Picard stack co

Let S be a scheme. Let  : X — B be a morphism of algebraic spaces over S. We define
a category Picy,p as follows:

(1) Anobjectis a triple (U, b, L), where

(@) U isan object of (Sch/S) fppy.

(b) b:U — Bisamorphism over S, and

(c) Lisininvertible sheaf on the base change X;; = U x; p X.
(2) Amorphism (f,g) : (U,b,L) — (U',¥,L’) is given by a morphism of schemes
f:U — U’ over B and an isomorphismg: f*L' — L.

The composition of (£, g) : (U,b,L) — (U',¥, L") with
(f',g"): (U, L") — (U",b",L")isgivenby (fo f',go f*(g'))- Thus we get a category
Picx,p and
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Theorem 1.1 Let X be a normal noetherian algebraic stack (over Z) whose stabi-
lizer groups at closed points of X are affine. The following are equivalent.

(1) X has the resolution property: every coherent sheaf on X is a quotient of a
vector bundle on X.

(2) X is isomorphic to the quotient stack of some quasi-affine scheme by an
action of the group GL(n) for some n.

For X of finite type over a field k, these are also equivalent to:

(3) X is isomorphic to the quotient stack of some affine scheme over k by an
action of an affine group scheme of finite type over k.




